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Hybrid simulations of collapse of Alfve ´nic wave packets
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Nonlinear dynamics, of large-amplitude circularly polarized Alfve´nic wave packets, is investigated
using a one-dimensional hybrid model. Kinetic effects such as finite-Larmor radius and nonlinear
Landau damping, which become significant for plasmas withb;1, are appropriately accounted for
in these high-resolution hybrid simulations. Spatio-temporal evolution, of the left-hand polarized
~LHP! wave packets, shows that they collapse because of the decreasing dispersive effects.
However, singularities are arrested by the wave–particle interactions. At some critical timetc ,
which depends on the plasmab and the initial amplitude of the wave packet, we observe a turning
point. At this turning point, the polarization changes from LHP to RHP~right-hand polarized!. The
wave packet then starts broadening due to increasing dispersion associated with the RHP.
Implications of collapse of the magnetic structures are briefly discussed. ©2000 American
Institute of Physics.@S1070-664X~00!02810-X#
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I. INTRODUCTION

Alfvén waves are a ubiquitous feature of magnetopl
mas. Implications of the existence of large-amplitude Alfv´n
waves in many cosmic plasmas have been investigated
number of authors. Some of these examples include turbu
heating of solar corona,1 coherent radio emissions,2 interstel-
lar scintillations of radio sources,3 generation of stellar winds
and extragalactic jets, etc.4 Alfvén wave trains as well as
Alfvénic turbulence have long been observed in sp
plasmas,5,6 e.g., solar wind, terrestrial magnetosphere, etc
the cometary environment, some observations of solit
magnetic pulses have also been reported.7

To study the dynamical behavior of large-amplitu
Alfvén waves, one can either use the full set of dispers
magnetohydrodynamic~MHD! equations and be satisfie
with their numerical solutions or use an evolution equat
derived from these MHD equations. The most popular e
lution equation, governing nonlinear Alfve´n waves, is the
Derivative Nonlinear Schro¨dinger~DNLS! equation.8–11 The
big advantage of dealing with the DNLS is that it can
solved analytically.8,12,13However, one should bear in min
that the DNLS is derived on the assumption that plasmb
~the ratio of the kinetic pressure to the magnetic pressure! is
not ;1. Moreover it is valid for finite but not for very large
(dB/B*1) amplitude waves since terms higher than cu
nonlinearities are neglected in the derivation of the DN
equation. For systems withb;1, kinetic effects11,14–16 as
well as coupling between magnetic field fluctuations a

a!Electronic mail: bbuti@jplsp2.jpl.nasa.gov
3991070-664X/2000/7(10)/3998/6/$17.00
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density fluctuations17,18 become significant. To incorporat
these effects in the studies of nonlinear dynamical Alfv´n
waves, one has to do dispersive magneto-hydrodyna
~MHD!19,20 and kinetic simulations. The Hall MHD simula
tions, done by Butiet al.19 and Velli et al.,20 show that the
Alfvén solitons get disrupted. Moreover, one observes
steepening of these waves with the emission of hi
frequency radiations. On the other hand, the driven DN
equation leads to chaos and turbulence in Alfve´nic
systems.21–28 Inhomogeneities, in the magnetic field and t
plasma densities, also destroy the coherent Alfve´nic wave
packets.29

In the present paper, we have included the finite-Larm
radius effects, as well as the nonlinear wave particle inter
tions, for studying the spatio-temporal evolution of larg
amplitude Alfvénic wave packets by means of hybrid sim
lations. These investigations have primarily been motiva
by our recent high-resolution dispersive-MHD simulatio
which lead to blowing up of the left-hand polarized~LHP!
Alfvénic wave packets~to be published!. This blowup is due
to an increase in the amplitude of the wave packet a
evolves. Our hybrid simulations clearly show the significa
role of kinetic effects in inhibiting such blow ups. We see t
amplitude increasing and at the same time the width of
packet decreases. This process of collapse continues
some critical time (tc) that corresponds to the dynamic
turning point. The term ‘‘dynamical turning point’’ is use
simply to distinguish it from the usual turning point~also
known as a reflection point!. The reflection point is indepen
dent of time whereas the dynamical turning point appe
due to dynamical evolution and has a functional depende
8 © 2000 American Institute of Physics
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on time. At timetc dispersion takes over the nonlineariti
and consequently the polarization flips from LHP to RH
~right-hand polarized!. Further at the dynamical turnin
point, the scale size of the wave packet becomes sm
enough for the finite ion gyroradius effects to start playing
important role. The significant roles of kinetic effects as w
as the coupling between density fluctuations and magn
field fluctuations are quite evident from our simulations.
our knowledge, this is the first time that implications of t
dynamical turning points, to the nonlinear evolution of t
magnetic structures, are pointed out.

II. SIMULATION MODEL OF ALFVÉ NIC WAVE
PACKETS

Let us consider a two-species plasma, which is emb
ded in a uniform magnetic fieldB0 oriented along thex-axis.
A modified one-dimensional hybrid code30 is used to study
the nonlinear dynamical evolution of the Alfve´nic wave
packets. In our simulations, electrons are treated as an
thermal fluid whereas the protons are treated as particles
the high-resolution studies, we take the simulation b
length as 860VA /Vp ~ ion inertial lengths! with 2048 grid
points and 200 particles in each cell. Simulations are car
out using periodic boundary conditions. For the initial co
dition, we take the exact solution8,13 of the DNLS equation,
namely

B~x,t50!5
~21/221!1/2Bse

iu(x)

@21/2cosh~2Vsx!2 1#1/2
, ~1!

whereBs is the amplitude of the soliton,

u~x!52Vsx1
3

8~12b!
E

2`

2x

uBu2dx8, ~2!

andVs is the soliton speed defined by

Vs5
~21/221!Bs

2

8~12b!
. ~3!

Throughout, we use the normalized variables e.g.,B is nor-
malized toB0 , r to r0 , v to VA5B0 /(4pr0)1/2 (VA being
the Alfvén velocity!, t to the inverse ofV i , the ion cyclotron
frequency andl to VA /V i , the ion inertial length. The sub
script ‘‘0’’ refers to the equilibrium quantities. Note that E
~1! is the left-hand polarized@B5(By1 iBz)# super-Alfvénic
soliton solution, in the wave frame of reference,13 of the
DNLS equation that is given by

]B6

]t
1

1

4~12b!

]

]x
~B6uB6u2!6

i

2

]2B6

]x2
50. ~4!

The plus and minus signs in the last term on the left-ha
side of Eq.~4! correspond to left (B15B) and right-hand
~with B25By2 iBz! polarization, respectively.

In writing Eq. ~1!, we have taken the wave propagatio
along the direction of the ambient magnetic field and]/]y
5]/]z50. Consistent with the DNLS solution given by E
~1!, for the initial density and the velocity, we have used t
relations
Downloaded 16 Jul 2003 to 137.78.111.43. Redistribution subject to AI
all
n
l
tic

d-

o-
or

x

d
-

d

r~x,t50!511
1

2~12b!
uB~x,t50!u2, ~5!

andvy,z52By,z . We may point out that the second term o
the right-hand side of Eq.~5! is due to the density fluctua
tions driven by the pondermotive force generated by
magnetic field fluctuations. Even though the plasma, un
consideration, is uniform with homogeneous magnetic fi
B0 , effectively we are dealing with nonuniform plasma em
bedded in an inhomogeneous magnetic field because o
initial profiles used@cf. Eqs.~1! and ~5!#. We will elaborate
on this in the following sections. The code of Winske a
Leroy30 has been appropriately modified to include the loc
ized inhomogeneities introduced by our specific initial co
ditions.

III. SIMULATION RESULTS

As mentioned in the Introduction, large-amplitude A
fvén waves have been observed in a variety of plasmas w
very different plasmab. For example, in the solar windb
spans from,1 to .1. So to model the nonlinear dynamic
behavior of these waves in a variety of such systems,
have usedb as a parameter. All the results reported in th
paper are in the wave packet frame of reference. The spa
temporal evolution of the wave packet forb50.2 is shown
in a stack plot in Fig. 1. To avoid overlapping of the packe
at different times, we have advanceduBu by 0.15 at each time
step which corresponds to 20 gyroperiods. The time span
the simulations reported here is 1000 gyroperiods. From
1, one clearly sees the wave packet collapsing. Evolution
b50.6 is shown in Fig. 2. For largerb (.0.2) ~ results for
b50.3 and 0.4 not shown here! the collapse stops at a criti
cal time tc which is a function ofb andBs ~cf. Fig. 4!, the

FIG. 1. Spatio-temporal evolution ofuBu for the left-hand polarized wave
packet forb50.2 andBs50.5.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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initial amplitude of the packet. This happens at a dynam
turning point which is characterized by]v(k)/]k50. At this
point polarization changes from LHP to RHP and the wa
packet starts dispersing and broadening. One can rou
understand this behavior from the nonlinear dispersion r
tion corresponding to Eq.~4!; this in the wave frame of ref-
erence is given by

v'kuB~x,t !u2/~12b!6mk2, ~6!

where m is some constant andv and k are the wave fre-
quency and the wave number. In Eq.~6!, for wave propaga-
tion along the positivex direction and forb,1, plus and
minus signs correspond to the RHP and the LHP, resp
tively. On the right-hand side of Eq.~6!, first term is due to
the nonlinear term of the DNLS and the second term is
to the dispersive contribution of the DNLS. We may po
out that Eq.~6! with B replaced byBs represents the criterion
for the modulational instability for the linearized DNL
equation. As time progresses, bothuBu as well ask change;
Eq. ~6! reflects the corresponding changes in the freque
v. For the case of LHP, these two contributions due to n
linearity and due to dispersion compete with each other
because of this competition, the packet starts shrinking,
k starts increasing. The moment the second term exceed
first term; the real part ofv becomes negative. At this junc
ture, one encounters the turning point since the group ve
ity of the packet, i.e.,]v(k)/]k changes sign. As a result,v
starts increasing with an increase ink and hence the wave
packet starts dispersing and broadening. This leads to a
versal of polarization from LHP to RHP. A word of cautio
may be in order here. The reversal at the dynamical turn
point ~characterized by the critical timetc), in our simula-
tions, is not equivalent to the simple reflection of the wa

FIG. 2. Spatio-temporal evolution ofuBu for the left-hand polarized wave
packet forb50.6 andBs50.5.
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packet since after reversal it has different polarization pr
erties. We would like to emphasize that Eq.~6! is not an
exact nonlinear relation since it corresponds to the evolu
equation that neglects fifth and higher order nonlinearities
may be worth pointing out that the collapse of electrosta
wave packets governed by the Nonlinear Schro¨dinger
equation31,32occurs only in systems with more than one sp
tial dimension. In our case, however, the collapse
Alfvénic wave packets is due to the dynamical evolution a
is found even in one-dimensional systems.

From Figs. 1 and 2, we see thattc decreases with an
increase inb. From our simulations forb50.3 and 0.4~not
shown here!, we find that tc(b50.3).tc(b50.4).tc(b
50.6). According to Eq.~2!, in a system withb.1, the
LHP wave packet would behave like an RHP wave pac
and vice-versa. Consequently forb51.6 in Fig. 3, we do not
see any collapse associated with the LHP packet. It ind
behaves like a RHP packet that moves to the right, i.e.,
accelerated and at the same time it emits high-frequency
diations. The result of increasing the initial amplitude of t
wave packet toBs50.7 instead ofBs50.5 used for Figs.
1–3, is shown in Fig. 4. In this case we see a rather differ
evolution forb50.2. On comparing Fig. 1 with Fig. 4, we
find that the turning point occurs much earlier for wa
packets with larger initial amplitudes. The decrease oftc

with an increase inb and in Bs is as one would have ex
pected because of the following reasons. The local inhom
geneities introduced by the density fluctuations driven by
pondermotive force generated by the large-amplitude Alfv´n
waves, according to Eq.~5!, are stronger for largerb ~for
b,1) as well as for a larger initial amplitude of the wav
packet, i.e.,Bs[B(x,t50). Consequently the coupling be
tween the density fluctuations and the magnetic field fluct
tions becomes stronger whenb and/orBs is increased. The

FIG. 3. Spatio-temporal evolution ofuBu for the left-hand polarized wave
packet forb51.6 andBs50.5.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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4001Phys. Plasmas, Vol. 7, No. 10, October 2000 Hybrid simulations of collapse of Alfvénic wave packets
collapsing of Alfvénic wave packets reported in the prese
paper is an outcome of this coupling. Because of stron
coupling,k increases at a faster rate; this in turn reducestc .
The phenomena of collapse, that we are observing, coul
considered as a process for transporting energy to la
wave numbers. Sincetc decreases with an increase inb, we
may conclude that the rate of transport of energy is faste
case of plasmas with largerb.

The temporal evolution of the amplitudeBmax ~[to the
maximum value ofuBu) of the initial LHP wave packet with
b is shown in Fig. 5. The initial amplitude for all these cas
is 0.5. Note thatBmax(t50)[Bs. It is interesting to note tha
the amplitude first starts increasing but after the turn
point, it starts decreasing. For example, forb50.4, this
changeover takes place att;380 compared totc;550 for
b50.3. This clearly shows that for largerb(b,1), kinetic
effects come into the picture relatively earlier. One can
plain this behavior as follows. The width of the wave pack

FIG. 4. Spatio-temporal evolution ofuBu for the left-hand polarized wave
packet forb50.2 but withBs50.7.

FIG. 5. Temporal evolution of the amplitude of the initial left-hand pola
ized wave packet forb50.1, 0.2, 0.3, 0.4, 0.6, and 0.8.
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as given by Eq.~1! is inversely proportional toVs which is
given by Eq.~3!. Correspondingly the scale sizes of the wa
packets are smaller for largerBs and largerb ~for b,1). As
a consequence, kinetic effects become rather signific
within shorter intervals of time compared to the ones cor
sponding to lower values ofb andBs .

As mentioned earlier, the LHP mode, at the turni
point, turns into the RHP mode. This is further confirmed
comparing the amplitude variations with time for LHP an
RHP shown in Fig. 6. Variation of the amplitude withBs ,
for a givenb, is shown in Fig. 7. This shows the sensitiv
dependence of the turning point on the initial amplitude.

We also looked into the spatio-temporal evolution of t
density fluctuationsN. They seem to be driven by the mag
netic field fluctuations. It is interesting to observe that t
stack plots, for differentb, for N overlap the ones foruBu ~cf.
Figs. 8 and 9!. From these results, we conclude that the po
dermotive force is the dominant force in the evolution of t
ion density. One would expect similar behavior for the de
sity fluctuations from the DNLS equation also. In the
simulations, we do not observe ion-acoustic waves; their
sence could be attributed to the electron (Te) and the ion
temperature (Ti) being equal for all the cases discussed he
For plasmas withb;1 and Te@Ti , we do observe ion-
acoustic waves and the associated Landau damping for c
with Te&Ti .

FIG. 6. Temporal evolution of the amplitude of the initial left-hand~LHP!
and right-hand~RHP! polarized wave packets forb50.2 and 0.8.

FIG. 7. Temporal evolution of the amplitude of the initial left-hand~LHP!
polarized wave packets forb50.2 andBs50.5 and 0.7.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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IV. DISCUSSION AND CONCLUSIONS

We have investigated the nonlinear spatio-temporal e
lution of the Alfvénic wave packets by means of high res
lution hybrid simulations. Unlike the evolution governed b
the DNLS equation, in our simulations we can consid
large-amplitude waves and also span the entire plasmb
range includingb in the neighborhood of unity. Moreove
both the compressive, as well as the dispersive, effects

FIG. 8. Spatio-temporal evolution of the density fluctuationsN for the left-
hand polarized wave packet forb50.3 andBs50.5.

FIG. 9. Spatio-temporal evolution of the density fluctuationsN for the left-
hand polarized wave packet forb50.2 andBs50.7.
Downloaded 16 Jul 2003 to 137.78.111.43. Redistribution subject to AI
-

r

re

properly accounted for. Polarization of the large-amplitu
Alfvén waves is known to play a very crucial role in dete
mining their stability characteristics. For example, forb,1,
LHP waves are modulationaly unstable but the RHP wa
are stable and vice-versa for systems withb.1. Our simu-
lations not only confirm this but also exhibit an interesti
phenomena of collapse of the LHP wave packets. When
size of the wave packet becomes sufficiently small (; a few
Larmor radii/ ion inertial lengths!, the kinetic effects become
significant. The latter, in fact, in our case arrest the blow
up of the wave packets that we encounter in our dispers
MHD simulations. In our earlier studies,19 of the evolution of
these wave packets by means of Hall MHD simulations,
did not observe any collapsing LHP wave packets. We h
missed these interesting features, since we had not done
high-resolution investigations.

In the present paper, we show that the Alfve´nic system
behaves like aNonlinear Dynamicalsystem. Associated with
the phenomena of collapse, we observe the dynamical t
ing point. At this turning point, the polarization of the wav
packet flips from LHP to RHP. From our simulations, w
find that the turning point crucially depends on the plasmab
as well as the initial amplitude of the wave packet. We a
observe that the density fluctuations are very well correla
with the magnetic field fluctuations. Physically collap
means the transport of energy to largerk values, i.e., the
cascading process. In order to look for the potential appli
tions of these collapsing Alfve´nic wave packets, we repeate
our simulations~not presented here! for initial density pro-
files different than the one given by Eq.~5!. One of the cases
we considered is with zero density fluctuations, i.e.,r(x,t
50)51. In all these cases, we observe the collapse of L
wave packets; some small quantitative differences are fo
but no qualitative changes whatsoever. During the evolut
of the wave packet, density fluctuations are generated by
pondermotive force of the large magnetic field fluctuation

In summary, our simulations confirm that the source
collapse is the coupling between magnetic field fluctuatio
and density fluctuations. The scale sizes of the wave pac
decrease at a faster rate for larger initial amplitudes and
plasmas with largerb. As mentioned earlier, collapse ca
provide an efficient channel for transport of energy; o
could look for its potential applications in space plasm
with largeb.
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